Study of hydrogen atom described by a generalized wave equation: what
  can we still learn about space dimensionality by Caruso, Francisco et al.
ar
X
iv
:2
00
9.
13
47
3v
1 
 [q
ua
nt-
ph
]  
28
 Se
p 2
02
0
Study of hydrogen atom described by
a generalized wave equation: what
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Abstract
Hydrogen atom is supposed to be described by a generalization of Schrödinger equa-
tion, in which the Hamiltonian depends on an iterated Laplacian and a Coulomb-like
potential r−β . Starting from previously obtained solutions for this equation using the
1/N expansion method, it is shown that new light can be shed on the problem of
understanding the dimensionality of the world as proposed by Paul Ehrenfest. A sur-
prisingly new result is obtained. Indeed, for the first time, we can understand that
not only the sign of energy but also the value of the ground state energy of hydrogen
atom is related to the threefold nature of space.
Howdo the fundamental laws of Physics and space-time dimensionality are entangled?
The genesis of this kind of investigation can be traced back to the doctoral thesis of
Immanuel Kant [1]. The role played by space dimensionality in determining the form
of various physical laws and constants of nature was reviewed in Ref. [2].
A systematic scientific investigation of this general question begins with the semi-
nal contributions of Paul Ehrenfest [3, 4]. His general idea was to identify particular
aspects of a physical system or phenomenon, called by him “singular aspects”, which
could be used to distinguish the Physics in three-dimensional space from that in D-
dimensions. To carry on this project, he started from postulating that the form of
a differential equation – which usually describes a physical phenomenon in a three-
dimensional space – is still valid for an arbitrary number of dimensions. As an example,
Ehrenfest assumed the motion of a planet under a central force associated with the
Newtonian gravitational potential to be still described by the Laplace-Poisson equa-
tion, keeping the same power of the Laplacian operator ∆ and making the number of
coordinates change from 3 to D. Based on the general mathematical solution of such
equation, he imposed that they should satisfy the postulate of the stability of orbital
motion under central forces to get at the proper number of dimensions. It is clear that,
in this case, one cannot claim to have demonstrated that D = 3 for an obvious reason:
The Poisson equation for the Newtonian potential is, by construction, an equation that
effectively describes stable orbits in 3-dimensions [5]. Thus, Ehrenfest’s result was al-
ready expected and, actually, it has to be seen almost as a consistency check of the
theoretical description of stable planetary motion.
Using a semi-classical approach, Ehrenfest, based on Niels Bohr quantization of
circular atomic orbits generated by a Coulomb-like potential – formally analogous to
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the Newtonian one – also showed that there is no bound state for hydrogen atomwhen
D ≥ 5.
In 1963, Tangherlini was the first to formally treat the problem of the hydrogen
atom from the point of view of Schrödinger equation [6]. This article inspired several
others that will be cited throughout the text. However, it is important for our scope to
mention that even here the operator of the kinetic part of the generalized Schrödinger’s
Hamiltonian is assumed to be still ∆ in D-dimensions.
The postulate that the form of a given equation – obtained without questioning
space dimensionality, as has always been the case – is still valid for arbitrary D (up
to the potential energy term that can change with dimensionality, as it is the case for
Newtonian and Coulomb-like potentials) is the Achilles’ heel of any scientific discus-
sion of space dimensionality. This is quite unavoidable. The only thing we can do
is to change perspective and ask ourselves, as Bollini and Giambiagi did [7]: – Are
some physical theories related to a specific number of dimensions? This means, in
a certain sense, that we must go further, so far the generalization of a mathematical
law is concerned. The original equation has to be generalized into a class of plausible
hypothetical equations (from which it is just a particular case) that could describe our
physical system in D dimensions, instead of just by enlarging the number of dimen-
sions while keeping the same original operator structure of the original law. Inspired
by this alternative point of view and with this strategy in mind, the generalization of
a particular equation must foresee the appearance of extra powers (n) in Hamiltonian
operators (for example, ∆→ ∆n), as well as the substitution of the potential by the
generalized one and, finally, this new equation will be assumed to depend on D coordi-
nates. Doing so, and supposing we are able to analytically solve this new equation, we
can try to identify some special features associated with the set of parameters (D,n)
and not only to the dimensionality D. In particular, we can investigate whether what
could be called a “singular aspect” of Physics in D = 3 would not be a unique feature
of a particular combination of both parameters D and n. Following these ideas, let us
try to construct here one example based on the hydrogen atom.
In this Letter, we start from the hypothesis that a hydrogen atom is described by
the wave equation
(−1)n∆nψ−
α
rβ
ψ = Eψ (1)
where ∆ is the Laplacian operator, n an integer, α and β are parameters and E an
eigenvalue. Since the Coulomb-like potential ∼ r−β is due to a long range force
(V (r) → 0 when r → ∞), we must have β ≥ 0, where the particular case β = 0
is associated to a ln(r) dependence. For simplicity, we will restrict ourselves to sphe-
rically symmetric solutions.
The ground state energy E◦ of equation (1) was calculated in Ref. [8] by applying
the 1/N expansion method [9, 10], where N = D is space dimensionality. In this case,
the approximated value of E◦ is given by [8]
E◦ = −
α
D2nβ/(2n−β)

2n
22nαβ
β/(2n−β) 2n− β2n (2)
Here, atomic units (ħh= m= e = 1) are adopted in which energies are expressed in
hartree. With this convenient choice, the above formula for E◦ depends only on three
independent integer parameters D, n and β , as considered in Ref. [8].
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However, β should depend on D. Actually, it is well known that the potential
should behave as 1/rD−2 [3, 4, 6, 11, 12, 13, 14, 15], for D ≥ 3, and as ln r, for D = 2,
if it is the solution of the D-dimensional equation ∆ϕ(r) = −4πδ(r). This choice
ensures, at least at classical level, the electric charge (e) conservation [12] which
follows from the integral form of Gauss’ law. However, this is not the most general
choice for the potential, as we will see. Indeed, if we consider, as in equation (1), that
the operator ∆ should also be replaced by ∆m, another relation between β , D and m
will result. The most general Poisson equation, in this case (e = 1), is of the form
(∆)mG(r) = −4πδ(r) (3)
So, β can still depend on m.
Before we proceed to get numerical values for E◦, we must fix the dependence
of both α and β parameters of the generalized Coulomb potential, V (r), on space
dimensionality D and on the power (m) of the iterated Laplacian which appears in
the radial part of the generalized Poisson equation (3) having the potential −α r−β as
solution.
Equation (3) was studied in detail in Ref. [16] where the Green function G(r) –
which is exactly the Coulomb-like potential for a point-like unit charge (e = 1) – was
calculated, resulting the following expression for the generalized potential V (r) to be
used in equation (1):
V (r) =
(−1)m+1 Γ (D/2−m)
4m−1πD/2−1 Γ (m)
1
rD−2m
≡
α(D,m)
rD−2m
≡
α
rβ
(4)
It is important to stress that, in order to have a power law of the type r−β for
the potential, the parameter β should satisfy the condition β = D− 2m ≥ 0. Thus, in
principle, the ground state energy depends on just two parameters, i.e., E◦ = E◦(D,m).
Form = 1 and arbitrary D, we get from equation (4) the well known result [12, 14]
V (r) =
2Γ (D/2)
π(D/2−1)
1
(D− 2)rD−2
≡
α(D, 1)
rD−2
(5)
and, for m = 1 and D = 3, it follows the usual three-dimensional potential
V (r) =
1
r
From a simple inspection of equation (4), we conclude that whenever m is an even
integer (m = 2ℓ, ℓ = 1,2,3, · · · ) the nature of the potential changes from attractive to
repulsive. Therefore, there is no bound states for even values of m.
Nonetheless the above relation between β , D and m is not an unique choice. In
Ref. [17], for example, the authors made one more assumption by fixingm= (D−1)/2
in order to assure that the potential has always the form r−1, a result demonstrated in
Ref. [7]. The price to pay is very high, since the Gauss’ law is no longer valid, bringing
to the necessity of modifying Maxwell equations in higher dimensions. In any case,
we should be aware of Hermann Weyl’s classical result [18, 19, 20] which tell us that
Maxwell equations loose scale invariance if space-time dimension is different from
3+1.
Inspired in what happens in 3 dimensions, we will assume throughout the Letter
the validity of Gauss’ law and, for consistency, that m = n. So, the ground state
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energy, associated with equation (1) for a potential given by equation (4), is obtained
by substituting β = D− 2n in equation (2), yielding
E◦(D,n) = −

n(D/2)2n
(D/2− n)
 (D/2−n)
(D/2−2n)
×α(D,n)−n/(D/2−2n) ×
2n− D/2
n
(6)
Thus, in principle, E◦ < 0 if 4n− D > 0 ⇒ D < 4n. For D = 4n, E◦ diverges. In such
cases, the potential has a ground state and it is said non-singular. Whenever D > 4n
the extremum of the potential is a maximum. In this case the effective potential has
no minimum and it is said to be singular. Therefore, the existence or not of a negative
energy state as a solution of equation (1) depends on two integer numbers: the power
of the Laplacian (n) and space dimensionality (D). However, in the case m = n, we
must also take into account the constraint β = D − 2n > 0 (due to the long range
nature of the potential), which means that
2n < D < 4n (7)
So, for each power n of the Laplacian corresponds a minimum value of space dimen-
sionality, given by Dmin = 2n + 1, for which a bound state do exist. Only for n = 1
there exists just one value of space dimensionality, namely D = Dmin = 3, for which
E◦ < 0. Another conclusion we can infer from the constraint given by equation (7)
is that there is no bound state for hydrogen atom in space with D = 3 whatever the
value of n 6= 1 is.
Table 1: Predicted values for E◦.
(∗) This value is the same found in Ref. [9] and should
be compared to the well known result −0.5 Ha. The discrepancy found here is due
to the quite modest accuracy obtained by the 1/N expansion when in the sequel one
puts N = 3. However, this fact does not invalidate the analysis made in the text since
the accuracy of the method is much better for high N values
(D,n) E◦ (Ha)
(3,1) −0.11 (∗)
(7,3) −0.00041
(8,3) −6.06× 10−6
(9,3) −1.52× 10−8
(10,3) −1.95× 10−13
(11,3) −9.92× 10−28
(11,5) −1.75× 10−7
(12,5) −3.23× 10−9
...
...
(18,5) −5.70× 10−47
(19,5) −4.41× 10−97
For n = 3, for example, different bound states are found for D = 7,8,9, 10 and 11.
Curiously, equation (7) excludes the possibility of having E◦ < 0 for D = 4,5 and 6,
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independently of the value of n. Last but not least, we can see that the usual solution
of the Schrödinger equation
−∆ψ−
α
r
ψ = Eψ (8)
corresponding to (D = 3,n = 1) represents the most bound and stable solution (See
Table 1) for a hydrogen atom described by equation (1). This is the only case where the
ground state has a significant binding energy and do not show the expected features of
a Rydberg-like atom, even for the first principal quantum number. For example, from
Table 1, we see that the value of the ground state energy found for D = 7 and n = 3
is equivalent to the energy of the same atom in D = 3 and n = 1 having a principal
quantum number 35. A final comment that follows from the numbers reported in the
Table is that, for a fixed value of the Laplacian operator power n, the ground state
energy substantially decreases when the dimensionality D increases.
If, instead of making m = n, we choose for any arbitrary n, m = 1, as often done
in the literature, the potential is given by equation (5) and, alternatively, equation (6)
must be replaced by
E◦(D,n) = −

n(D/2)2n
(D/2− n)
 (D/2−n)
(D/2−n−1)
×α(D, 1)−n/(D/2−n−1) ×
2n− D/2
n
(9)
In this case, a less restrictive relationship between n and D is found, namely, E◦ < 0 if
2n+2− D > 0 ⇒ D < 2(n+1). But on the other side, the constraint β = D−2m ≥ 0
reduces now to D ≥ 2. As already said, β = 0 corresponds to the ln(r) potential which,
for m = 1, give rises just to positive energies for the hydrogen atom [21]. Combining
the two constraints in this case we must have, instead of equation (7), that space
dimensionality should be bound by the inequality 2 < D < 2(n+ 1). Here, for n = 3,
for instance, E◦ < 0 implies that space dimensionality should be D = 3,5,6, and 7.
This result (corresponding to the choice m= 1) is quite different from the case where
n = m, for which 7 ≤ D ≤ 11. Therefore we can conclude that, for m = 1, different
negative values for E◦ can be found for different possible values of D.
In summmary, admitting that a hydrogen atom is described by equations (1) and
(4), with the choice n = m, we have learned that:
1. the only possibility of having a bound state in D = 3 is with n= 1;
2. any other combination of D and n will give rise to a ground state energy which,
in modulus, will be at least 103 less than the measured value 0.5 Ha;
3. nature seams to favor 3-dimensional space and the description of hydrogen atom
in terms of the usual Schrödinger equation with the kinetic term of the Hamil-
tonian proporcional to ∆.
Finally, it is important to stress that we were able to take it a step further than
Ehrenfest took. In fact, we have not only find the possible combinations of the para-
meters D and n which correspond to a stable bound state solution of hydrogen atom.
To the best of our knowledge, it is the first time one has a theoretical framework in
which it is possible to understand, in addition to the query of atomic stability, that
the measured value for the energy of the hydrogen atom ground state, −0.5 Ha, is a
consequence of the very particular combination D = 3 and n = 1.
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